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ABSTRACT. Simsun permutations, André I permutations and André II
permutations are three combinatorial models for Euler numbers. It’s
known that the descent statistic is equidistributed over the set of André
I permutations and the set of simsun permutations. In this paper, we
prove that the trivariate statistic (ides, des, maj), comprising the inverse
descent, descent, and major index, are equidistributed over these three
sets. This result is equivalent to showing that the inverse descent is
equidistributed over these three sets that share the same tree shape.
The proof of the equidistribution of the inverse descent over the set of
André T permutations and the set of André II permutations with the
same tree shape reduces to establishing new refinements of Stanley’s
shuffle theorem.

1. INTRODUCTION

In the field of enumerative combinatorics, several kinds of permutations
are counted by Fuler numbers, such as alternating permutations, André I
and II permutations, and simsun permutations. Fuler numbers, denoted by
FE,, are a sequence of integers that arise in the Taylor series expansions
of sec(x) + tan(x). Their combinatorial significance was cemented by the
work of André in the late 19th century [2]. André proved that E, counts
the number of alternating permutations of length n (see [28]), which are
permutations o = 0103 ... 0, satisfying o1 > 09 < g3 > ---.

André permutations were first introduced by Foata and Schiitzenberger
and further studied by Strehl [30] and Foata and Strehl [[12, 13]. For clarity,
we will work with permutations of length n for which each permutation is
a sequence of n distinct integers not necessarily from 1 to n. The empty
word e and any single-letter word are defined as both André I permutations
and André II permutations. For a permutation o = o109---0, (n > 2) of
length n, we decompose it as ¢ = 7 min(c) 7/. Here o is the concatenation
of a left factor 7, followed by the minimum letter min(o), and a right factor
7'. Then, o is called an André I permutation (resp. André II permutation)
if both 7 and 7' are André I permutations (resp. André II permutations),
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and the maximum letter of the subword 77’ lies in 7/ (resp. the minimum
letter of 77/ lies in 77).

The set of all André I permutations on the set [n] := {1,2,...,n} is
denoted by And! and the set of André II permutations on the set [n] is
denoted by AndZ. This inductive definition immediately reveals a connec-
tion to the Euler numbers, as it can be shown that the number of André
I permutations and André IT permutations on the set [n] are equal, i.e.,
E, = |And! | = | And? .

André I permutations for n < 5 are listed below:

n=1 1 n=2 12 n =23 123, 213;

n=4: 1234, 1324, 2314, 2134, 3124,

n =>5: 12345, 12435, 13425, 23415, 13245, 14235, 34125, 24135,

23145, 21345, 41235, 31245, 21435, 32415, 41325, 31425.

André IT permutations for n < 5 are listed below:

n=1 1; n=2 12 n=3 123, 312;

n=4: 1234, 1423, 3412, 4123, 3124,

n=1>5: 12345, 12534, 14523, 34512, 15234, 14235, 34125, 45123,
35124, 51234, 41235, 31245, 51423, 53412, 41523, 31524.

Simsun permutations were introduced by Rodica Simion and Sheila Sun-
daram in a series of studies of homology representations of the symmetric
group [B1, B2]. To better elaborate on our results, we adopt the follow-
ing definition of simsun permutations. A permutation ¢ = o103...0, on
the set [n] is called a simsun permutation if 0, = n and it contains no
double descents, and this property is preserved after removing the elements
n,n—1,n—2,...,11in order. For example, it is easy to see that o = 21473658
is a simsun permutation since 21473658, 2147365, 214365, 21435, 2143, 213,
21, 1 have no double descents. Recall that an index i (where 1 < i < n) is
called a descent of a permutation ¢ = 07 ...0, if 0; > 0441 and an index ¢
(where 1 < i < n —2) is called a double descent if o; > 011 > 0it2.

Notably, if one removes the last element from a simsun permutation as
defined here, the resulting permutation aligns with the original definition of
simsun permutations due to Simion and Sundaram.

The set of all simsun permutations on the set [n] is denoted by RS,,.
A remarkable property of simsun permutations is that |RS, | = E,. The
notation RS,, was first adopted by Chow and Shiu [[7].

Simsun permutations for n < 5 are listed below:

n=1 1 n=2 12 n =3 123, 213;

n=4: 1234, 1324, 2134, 2314, 3124,

n=7>5: 12345, 12435, 13245, 13425, 14235, 21345, 21435, 23145,

23415, 24135, 31245, 31425, 34125, 41235, 41325, 42315.

André permutations and simsun permutations provide new combinatorial
interpretations for the Euler numbers. They play an important role in the
study of cd-indices of simplicial Eulerian posets. For results along this line,
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please see [b, 6, L7, 18, 22, 23, 27]. Other properties about André permuta-
tions and simsun permutations have been extensively studied by Barnabei
et al. [4], Chow and Shiu [7], Deutsch-Elizalde [§], Disanto [9], Foata and
the first author [11] and so on. In particular, by constructing a bijection be-
tween the set of André I permutations and the set of simsun permutations,
Chow and Shiu [[7] observed that the number of descents are equidistributed
over André I permutations and simsun permutations. Specifically, let des(o)
denote the number of descents of o, they showed that

Z 7jdes(o): Z tdes(a)'

ocAnd} o€RS,

In this paper, we show that the number of inverse descents are also
equidistributed over André permutations and simsun permutations. The
number of inverse descents of a permutation ¢ is simply the number of de-
scents of its inverse permutation o~!, namely, ides(c) = des(c™!). In fact,
we show that the trivariate statistic (ides, des, maj) are equidistributed
over André permutations and simsun permutations, where the major index
maj(o) of o is defined to be the sum of its descents of o. For brevity, we
adopt the notation n-André permutations for André permutations on [n]
and n-simsun permutations for simsun permutations on [n].

Our main result is as follows.

Theorem 1. The trivariate statistic (ides, des, maj) are equidistributed over
the set of n-André I permutations, n-André II permutations and n-simsun
permutations, i.e.,

Z Sides(a)tdes(a)qmaj(o) _ Z sides(cr)tdes(a)qmaj(a)
o€And] o€Andl!

_ Z Sides(a)tdes(a)qmaj(g).
oeRS,

To our knowledge, even the special case of the above result for the uni-
variate statistic “ides” is new:

An(s) = Z gides(0) _ Z gides(a) _ Z gides(o)
o€And} oeAnd o€RSn
We list the first values of the polynomials A, (s) below:
Ai(s) =1, Aa(s)=1, As(s)=s+1, A4(s)=4s+1,
As(s) =45 +11s +1, Ag(s) = 25° 4 325% 4 265 + 1.

The proof of Theorem m can be sketched as follows: By sending André
permutations and simsun permutations to increasing binary trees and ap-
plying Proposition f in Section 2, the proof of Theorem [l reduces to showing
that the inverse descents (ides) is equidistributed over the n-André I permu-
tations, the n-André II permutations and the n-simsun permutations that
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share the same tree shape (see Theorem H in Section 2). The proof of The-
orem [f] is split into two parts: (a) proving the equidistribution of ides over
n-André T permutations and n-André IT permutations with the same tree
shape (relation (a) in Theorem H), and (b) proving the equidistribution of
ides over the n-André II permutations and the simsun permutations with
the same tree shape (relation (b) in Theorem []). Specially, the proof of
relation (a) relies on an investigation of the shuffle of permutations (see Sec-
tion 3 for details), while the proof of relation (b) proceeds by constructing
a bijection between the set of n-André II permutations and the set of the
n-simsun permutations (see Section 4). It would be interesting to give a
direct explicit bijective proof of relation (a).

In the proof of relation (a) in Theorem H, the following general result plays
an important role. Note that this result applies to ordinary permutations,
not solely André permutations.

Let &,, denote the set of permutations on the set [n]. Suppose that o € &;
and 7 € 6. We define the following three sets of permutations:

o0t ={p=017" €S p41 |0 ~0o, T ~ 7}
orT={p=017" €S pp1 |0 ~o, T ~T1, j+k+1eT}
ovr={p=017" €Gjp11 |0 ~o, T ~71, 27},

where ¢’ ~ o means that reducing the letters of ¢’ to {1,2,...,j} yields o.
For example, if p = o’'17/ = 692581473, then ¢’ = 69258, which reduces
to o = 35124, 7/ = 473 which reduces to 7 = 231.

Theorem 2. Let 0 € &; and T € &, be two permutations with ides(o) = j’
and ides(t) = k'. Then

; k=K +7+1\[(j—7+K -1\,
ides i
> (u)_Z( R )( F T DG

neTOT i>1
; k=K +i\(j—7+K =1\
tldes(u) _ it 92
; kE—KE+3\(j—7+K -1\,
ZL/ldes(u) — A

Remark. When t = 1, we derive the following two identities, which also
follow from the Chu-Vandermonde identity [29, Example 1.1.17]:

()= )00 0)

i>1

(7572065



INVERSE DESCENT STATISTIC FOR ANDRE AND SIMSUN PERMUTATIONS 5

By considering the inverses of permutations, Theorem E can be trans-
formed to special cases of three refinements of Stanley’s shuffle theorem (see
Theorem [12). Stanley’s shuffle theorem was first established by Stanley
[26] in his study of P-partitions. As observed by Gessel and Zhuang [14],
this theorem implies that the major index (maj) and descent number (des)
are shuffle compatible, which has motivated several recent works, including
those by Adin, Gessel, Reiner and Roichman [[], Baker-Jarvis and Sagan
[B], Domagalski, Liang, Minnich and Sagan [10], Grinberg [L6], the second
author and Zhang [19] and Yang and Yan [33]. Bijective proofs of Stanley’s
Shuffle Theorem have been given by Goulden [15], the second author and
Zhang [20] and Stadler [24]. In particular, the second author and Zhang
[20] established several refinements of this theorem based on their bijec-
tions. The proof of Theorem E in this paper also relies on their bijection,
see Section 4 for more details.

2. INCREASING BINARY TREES

In this section, we aim to demonstrate that the proof of Theorem m is
equivalent to proving Theorem H with the aid of the description of André
permutations and simsun permutations in terms of increasing binary trees.

A binary tree is a rooted tree in which every vertex has either (i) no
children, (ii) a single left child, (iii) a single right child, or (iv) both a left
child and a right child. Vertices without children are called leaves, while all
others are internal vertices. An increasing binary tree on the set [n] is a
binary tree with n vertices labeled 1,2, ..., n such that the labels along any
path from the root are increasing.

It is well known that there exists a bijection ¥ between the set of permu-
tations on [n] and the set of increasing binary trees on [n], see [29, Chapter
1]. More precisely,

Definition 3 (The map V). Let m = myma - - -7, be a sequence of n distinct
letters mot necessarily from 1 to n. Define a binary tree Ty as follows. If
7 =0, then T, = 0. If 7 # 0, then let i be the least letter of . Thus 7
can be factored uniquely in the form m = oiT. Now let i be the root of Ty,
and let T, and T; be the left and right subtrees obtained by removing i (see
Figure H} This yields an inductive definition of T.

1

FIGURE 1. An inductive definition of T
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As observed by Foata and the first author [11] and Chow and Shiu [[7],
when restricted to André permutations and simsun permutations, the bi-
jection ¥ induces a bijection sending André permutations and simsun per-
mutations to special cases of increasing binary trees, which we refer to as
André trees and simsun trees, respectively.

Given an increasing binary tree T' and a vertex s of T, let T'(s) denote
the subtree of T with the root s, and let Tj(s) and T).(s) denote the left and
right subtrees rooted at s, respectively.

e An increasing binary tree T is said to be an André I tree if for any
internal vertex s, the right subtree 7). (s) contains the vertex of the
maximum label in T'(s). By convention, the maxima of an empty
subtree is defined as 0.

e An increasing binary tree T is said to be an André II tree if for any
internal vertex s, the right subtree T, (s) contains the vertex with
the minimum label in T'(s) excluding s itself. By convention, the
minima of an empty subtree is defined as +oo.

e An increasing binary tree on [n] is called a simsun tree if n is its right-
most vertex, and when the vertices n,n—1,n—2,...,1 are removed
in sequence, the resulting trees 7" satisfy the following property: for
any internal vertex s in a left subtree of 17, if T} (s) (the left subtree
of T" with the root s) is non-empty, then 77 (s) (the right subtree of
T’ with the root s) is also non-empty.

Similarly, for brevity, we adopt the notation n-André trees for André trees
on [n] and n-simsun trees for simsun trees on [n].

Proposition 4 ([[7, 11]). There exists a bijection ¥ between the set of n-
André I permutations (resp. mn-André II permutations, n-simsun permu-
tations) and the set of n-André I trees (resp. n-André II trees, n-simsun
trees).

Fig. B depicts a bijection between the set of 4-André I permutations and
the set of 4-André I trees, while Fig. B shows a bijection between the set of
4-André IT permutations and the set of 4-André II trees. Fig. { illustrates a
bijection between the set of 4-simsun permutations and the set of 4-simsun
trees.

The shape of a labeled tree T refers to its underlying unlabeled tree,
denoted by shape(7'). From the construction of the bijection WU, it is not
difficult to see that the descent set of o is determined by the shape of the tree
corresponding to ¢ under the bijection W. For a permutation o = o1 - - - oy,
its descent set is defined as

Des(o) ={1<i<n-—1:0; > 041}
Then its descent number des(o) is given by

des(o) := | Des(0)].
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1234 1324 2314
(1 (1)
® @ @ G
@ @
3124 2134

FiGURE 2. The bijection between 4-André I trees and 4-
André I permutations

1234 1423 3412
(1 (1)
@ @ B @
®3) @
4123 3124

F1GURE 3. The bijection between 4-André II trees and 4-
André I permutations

and its major index maj(co) is given by

maj(o) := Z i.

i€Des(0)
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1234 1324 2134
(1) (1)
@2 ® 6 @
3) @
2314 3124

FIGURE 4. The bijection between 4-simsun trees and 4-
simsun permutations

Proposition 5. Let o be a permutation, and let T, = V(o) be the increasing
binary tree corresponding to o under the bijection U. Then the descent set
Des(o) of o is completely determined by the shape of T, .

Note that the shape of T, in Proposition B is also referred to as the tree
shape of the permutation o. Let U,}EL denote the set of the rooted unlabeled
binary trees with n vertices in which no internal vertex has only a left child.
It is not difficult to show that | URY | = M,,, where M, is the n-th Motzkin
number defined by

M(z) =1+ aM(x) 4+ 2°M(z) = Z M,x™.

From the definitions of André trees and simsun trees, it is easy to verify
that the tree shape of André permutations and simsun permutations belong
to the set UEL, that is,

Proposition 6. Let o be a permutation, and let T, = V(o) be the increasing
binary tree corresponding to o under the bijection U. Then

URE = {shape(T,): o € And!}

= {shape(T,): o € And”}
= {shape(7,): 0 € RS, }.
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Given an unlabeled binary tree T in UL, let And!(T) (resp. And”(T),
RS(T')) denote the set of n-André I permutations (resp. n-André II permuta-
tions, n-simsun permutations) with tree shape T'. Combining Proposition
and Proposition [, we see that the proof of Theorem m is equivalent to
establishing the following result:

RL

n 7

Z Sides(a) @ Z Sides(a) (:) Z Sides(g). (4)

ocAnd! (T) ocAnd?(T) o€RS(T)

Theorem 7. Forn > 1 and any unlabeled binary tree T' € U we have

Figure a lists 8-André I permutations, 8-André II permutations and 8-
simsun permutations of the same tree shape 7', all of which have 4 inverse
descents and share the descent set Des = {1,4,6}.

The proof of Theorem H is divided into two parts, (a) and (b). It turns out
that the proof of relation (a) reduces to investigating the shuffle of permuta-
tions (see Section 3) and the proof of relation (b) proceeds by constructing
a bijection between the set of n-André II permutations and the set of the
n-simsun permutations (see Section 4).

3. A MORE GENERAL RESULT ON PERMUTATIONS

The main objective of this section is to prove Theorem E Before pro-
ceeding, we first demonstrate how to derive relation (a) in Theorem [1] using
Theorem E To this end, we begin by stating the following corollary, which
is an immediate consequence of Theorem P.

Corollary 8. Let 0 and & be two permutations in &; such that ides(o) =
ides(6) = j', and let T and T be two permutations in Sy such that ides(T) =

ides(7) = k'. Then
Z tides(u) _ Z tides(p‘)‘

HETAT HEGVT

We are ready to establish relation (a) in Theorem B using Corollary E

Proof of relation (a) in Theorem H We proceed by induction on n. For
n = 1, relation (a) clearly holds. Assume that it holds for all p < n. We
aim to show that it also holds for n. Let T' be an unlabeled (rooted) binary
tree in UﬁL with the left subtree 7' and the right subtree T" of the root,
respectively. By the definition of André permutations, we have

And{(T) = U U oAT
o€And! (T!) reAnd! (TT)

and
And"(T)= J ovr

FeAnd (T1) € And ™ (TT)
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(a) 8-André I permutations:
21473658 41372658 71362548

) ) @

@ (3) @ (2) @ (2)
RO ONNO OO
QIONO QIONO ©® ©®

(b) 8-André II permutations:
31582746 51482736 81472635

) ) @

©) (2) ©) (2) O, (2)
G @ ORNE) @ )
®@® © ®@ © @D© ®

(c) 8-simsun permutations:
21473658 41372658 71362548

@ 1) D

@ (3) @ (2) @ (2)
) () ONNO OO
@D© © QIONO), ©® ®

FIGURE 5. 8-André I permutations, 8-André I permutations
and 8-simsun permutations with Des = {1, 4,6} and ides = 4

This implies that

Z tides(u) _ Z Z Z tides(u)

peAnd’ (T) o€And! (T!) r€And! (T) HETLT

Z ZL/ides(u) — Z Z Z tides(,u)'

p€And? (T) FeAnd! (T € And ™ (T) HEGVT
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Note that 7" and T" are the left and right subtrees of the root of T, so their
vertices are less than n. The induction hypothesis implies that there exists
a bijection ¢! between And!(T*) and And” (T") such that for o € And!(T")
and ¢(o) € And(T"), we have ides(c) = ides(¢!(0)). Similarly, there exists
a bijection ¢" between And!(7") and And (T") such that for 7 € And! (77"

and ¢" (1) € And? (T7), we have ides(7) = ides(¢" (7)). Hence by Corollarygi

we arrive at

Z tides(,u) _ Z tides(,u) ] (7)

= ned! (0)v47(7)

We therefore derive that

Z tides(,u) @ Z Z Z tides(,u)

peAnd’(T) o€And! (T1) r€ And! (T7) HETAT

@ Z Z Z 7eides(,u)

¢! (o)eAnd (TY) ¢r(r)eAnd! (TT) pegt (o) ver(r)

@ Z tides(,u) )

pEAnd?(T)

This confirms that relation (a) also holds for n. Thus, we complete the proof
of Theorem B (a). O

We proceed to prove Theorem E As mentioned previously, the proof
of Theorem P boils down to studying the shuffles of permutations. Let S,
denote the set of permutations of length n, where a permutation is defined as
a sequence of n distinct integers (not necessarily restricted to {1,2,...,n}).
Let m € S; and 6 € S be two disjoint permutations, that is, permutations
with no letters in common. We say that a € Sj44, is a shuffle of 7 and ¢
if both w and 0 are subsequences of a. The set of shuffles of © and § is
denoted 7 L1 §. For example, let m = 263 and § = 14, we have 263 L 14 =
{26314, 26134,26143, 21463, 21634, 21643, 12463, 14263, 12634, 12643 }.

In his study of the theory of P-partitions, Stanley [26] established the
following formula for the joint statistic (des, maj) over the set of permutation
shuffles, which is referred to as Stanley’s shuffle theorem. Bijective proofs
were later found by Goulden [15], the second author and Zhang [20] and
Stadler [24]. Recall that the Gaussian polynomial (also called the ¢g-binomial
coefficients) is given by

{n] _(A=g)A =g (=g
m (I=gm)(1—gm ) (1-q
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Theorem 9 (Stanley’s Shuffle Theorem). Let 7 € Sy, and 6 € S,, be two
disjoint permutations, where des(m) = r and des(d) = s. Then

z qmaj(a) _ m-—r+sf|n—s+r qrxlaj(ﬁ)+rrlaj(5)+(k—s)(k—r).
ot k—r k—s
des(a)=k

To prove Theorem E, it is necessary to introduce three special sets of
shuffles, which are related to the sets Q7 (resp. o A 7, 0V7). Given two
disjoint permutations 7 =71 - 7w, € Sp, and § = 01 -+ - 0, € Sy,

e Let ;6 denote the set of shuffles o = a1 - - - a4y, of T and § such
that a1 = 51.

e Let w6 denote the set of shuffles @« = ay - - - apgm of ™ and § such
that a1 = 61 and apgm = Oy

e Let w6 denote the set of shuffles a = ay - - - @y of ™ and § such
that a1 = 61 and a9 = do.

For example, let m = 263 and 6 = 14, we have 263 ; 14 = {12463, 14263,
12634, 12643}, 263 s 14 = {12634} and 263 Wi 14 = {14263}.

The following proposition establishes a connection between the set o7

(resp. o A 7, 0VT) and the three special sets of shuffles introduced above.
Proposition 10. For ¢ € G; and 7 € &, let 07! = Jfl--ﬁ;l and
1= Tfl e kal denote the inverses of o and T respectively. Define m =

ot o b and 5= (A1) (7 i+ 1) (i +1). Then

Z tides(,u): Z tdes(a)’ (8)

neETOT aEmLL 0
Z tides(u) _ Z tdes(oa)7 (9)
HETAT Q€T 0
Z tides(p) _ Z tdes(a). (10)
neETVT Q€T

Proof. Let 1 = 0'17" € 0Q7. By definition, we see that y € & 1. Thus,
we may write g = i1 - - ftj 4141 as a permutation of the set {1,2,...,j+k+
1}. Note that pj1 =1and o’ U7’ ={2,3,...,j+ k+1}. Let the elements
of o/ be i1 <ig < --- < ij; and let those of 7/ be ji < jo < -+ < ji.

We now consider the inverse of ;. Assume that p=! = ul_l . 'Mj_—ik—i-l‘ It

is clear to see that u;' = j + 1 and

and

§i= (i + 1) i+ 1) =i g )
Let a = p~1, Clearly, a € 71y 6 and ides(pu) = des(u~!) = des(a). More-
over, this process is reversible. Thus, we prove (§).
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For (E), suppose that y = ¢’17" € ¢ A 7. By definition, j+ k+1 € 7/, so
ijikJrl = 7-,;1 + 74+ 1=20k+1. Thus, o € 7 Wy, 9, establishing (9).

Finally, if 4 = o’'17" € oV, then 2 € 7/, which implies py' = 77+ +
j+1=0y. Hence, o € 7 Ly §, proving (@) U

For example, given o = 35124 and 7 = 231, we see that j = 5, 07! =
34152 and 77! = 312. Thus, m = 34152 and § = 6978.

(a) For = 692581473 € o1, we see that p~! = 639741852 € 7 LLy; 0.

(b) For p = 682571493 € o A 7, we see that u~! = 639741528 € 7 L4 J.

(c) For p = 693581472 € oV, we see that =1 = 693741852 € Ly 6.

With Proposition @ at our disposal, the proof of Theorem E comes down
to establishing the following assertion.

Theorem 11. Assume that 7 € S; and 6 € Sp11 are two disjoint permuta-
tions, where des(w) = j' and des(§) = k'. Moreover, 61 < 2 and all of the
elements of 0 are larger than the elements of w. Then

k+1—K+7\(i—7+K -1\, -
des(a) __ i+
IR O] ULV | R ) T

aenls i>1

Z pdes(a) _ Z (k - ki/:r J:> <j - jf 4_' kK — 1) (it
S = i+ 5 —k i1—1

S et = 37 <’f - k,':r j:) <j - jf J_r K — 1) e
a8 = i+ —k i1—1

The following assertion can be viewed as refinements of Stanley’s shuffle
theorem, from which Theorem @ follows immediately by letting g — 1.

Theorem 12. Assume that § € S,, and m € Sy, are two disjoint permuta-
tions, where des(d) = r and des(w) = s. Moreover, 61 < d2 and all of the
elements of 6 are larger than the elements of w. Then

(1) Z m2i(0) — [m — 7+ S} [” —s+r— 1] i (6)Fmaj(m)+(d—s)(d—r)

Wi d—r d—s—1
des(a)id
: (m—r+s—1][n—s+r—1] (5 ~ d—s)(d—r)
(2) Z qmaJ(Oé) — % qmaJ( )+maj(m)+(d—s )
d—r d—s—1
Tl 50 - - -
des(a)~d
: m—r+s—1][n—s+7r—1] (5 : d—s+1)(d—r)
(3) Z qmaj(a) _ % qmaJ( )+maj(m)+(d—s ).
d—r d—s—1
Ty 0 - - -
(?ees(oblilid

We conclude this section with a proof of the theorem. It turns out that
the bijection used to establish Stanley’s shuffle theorem by the second author
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and Zhang [20] plays a crucial role. Let P, (¢, m) denote the set of partitions
A= (A1,...,A,) such that A\, > ¢ and \; < m. We have

qnt[n+;n—t]: Z ny (11)

AEP, (tm)

Thus, Stanley’s shuffle theorem E is equivalent to the following statement.

Theorem 13. [20, Theorem 3.1] Assume that 6 € Sy, and © € S, are
two disjoint permutations, where des(6) = r and des(w) = s. Let &(6, w|d)
denote the set of all shuffles of 6 and w with d descents. Then there is a
bijection ® between S(0, w|d) and Py—,(d—s,m) X Pp_q+,(0,d—s), namely,
for a € &(0,m|d), we have (A, pn) = ®(a) € Py—r(d—s,m) X Pp_g+r(0,d—s)
such that

maj(e) = [Al 4 [p] + maj(d) + maj(m).

The following map is a desired bijection in Theorem @, see [20, Lemma
3.5 and Lemma 3.7].

Definition 14 (The map ®). Let § = §1---9,, be a permutation with r
descents and let m = 7 --- 7, be a permutation with s descents. Assume
that . = a1« - - Qptn 1S the shuffle of § and m with d descents. The pair of
partitions (A, 1) = ®(a) can be constructed as follows: Let o) denote the
permutation obtained by removing w1, T2, . .., 7 from a. Obviously, a™ = 6.
Here we assume that a0 = a. For1<i< n, define

t(i) = maj(a V) — maj(a®) — d;(x),

where d;(m) denotes the number of descents in 7 greater than or equal to i.

Since there are d descents in o and there are r descents in ¢, it follows that
there exists d —r permutations in a® o™ denoted by ali) . qlia-r)
where 1 < iy < iy < --- < ig_p < n, such that des(a® 1) = des(a™) + 1
fOT 1 <1 <d-—r. Let {jl,...,jn,dJrr} S {1,...,77,} \ {il,ig,. .. ,’l‘d,T},
where 1 < j1 < jo < -+ < jn_arr < n. Then des(aB=1) = des(alV) for
1 <l<n-—d+r. The pair of partitions (A, u) = ®(«) is defined by

A= (t(ig—r), tlig—r—-1), ..., t(i1)),
and

o= (t(jl)a t(]2)7 e 7t(jn—d+r))‘
More precisely,

m > t(id—r) > 2 t(il) >d—s> t(jl) > 2 t(jn—d-‘rr) > 0.
Let 0 = 01---0, €S, and r ¢ 0. Recall that o) (r) denotes the per-

mutation obtained by inserting r before ;41 (or after o; if ¢ = n). For
0 < i < n, define the major increment

im(o,i,7) = maj(a(i) (r)) —maj(o)
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and the major increment sequence
MIS(o,r) = (im(0,0,7),...,im(o,n,r)).
The first 7 elements of MIS(o, ) is defined by
MIS;(o,r) = (im(o,0,7),...,im(o,i — 1,7)).

The proof of Theorem @ relies on the following two propositions, which
are also essential for proving Theorem [12.

Proposition 15. [20, Corollary 3.3] Let 0 € S,, with k descents and r ¢
o. Then MIS(o,r) is a shuffling of k + 1,k +2,...,n and k,...,1,0. In
particular, if des(c®(r)) = des(o) + 1, then

im(o,7,r) = max{im(c,0,7),...,im(co,i — 1,7)} + 1,
otherwise,

im(o,i,7) = min{im(c,0,7),...,im(c,i — 1,7)} — 1.

Proposition 16. [20, Proposition 3.4] Suppose that o is a permutation of
length m with v descents. Let p,q ¢ o and let o0~ (p) be the permutation
by inserting p before ;. Then MIS; (e~ (p), q) is a permutation of the set
{im(o,,p) + x(¢ > p) | 0 < j < i}, where x(T) = 1 if the statement T is
true and x(T) = 0 otherwise.

We are now in a position to prove Theorem @

Proof of Theorem . (1) Let o € w Wy 0, where des(a) = d. Assume that
®(a) = (A, ). To prove (1) in this theorem, it is equivalent to show that
m2A 22 Ay 2d—85>p1 >+ 2 fin—gir = 0.
From Theorem @, we have
m2>XAN2>- 2N p2>2d—5>p1 > > lp_ger > 0.

We proceed to show that py < d — s if u # (. Since o € 7L §, we
have a1 = 61. Recall that o) is the permutation obtained by removing
from a. Then des(a)) =d — 1 or des(aV) = d.

Case 1.1. If des(a(V)) = d, then des(a(?)) = des(aP)) = d, and so j; = 1.
Since aq = 4§71, it implies that 71 could not be inserted in the first position.
Moreover, im(oz(l), 0,71) = d, so by Proposition , we derive that

maj(a?) — maj(aM) < d — 1.

Thus, g1 = t(1) = maj(a®) —maj(aM) —dy(r) <d—1—s.

Case 1.2. If des(a(l)) = d — 1, then by the definition of the map ®, we
see that 77 > 1, and des(a(jl)) = d — j1 + 1. Similarly, 7; could not be
inserted in the first position of o) and im(aU1),0,7;,) = d — j1 + 1, so by
Proposition [L5, we derive that

maj(a' 1) — maj(aV) < d — j.



16 GUO-NIU HAN, KATHY Q. JI, AND HUAN XIONG

By definition, dj, (7) > s—j1+1s0 1 = t(j1) = maj(at1™Y) —maj(alit)) —
djl(ﬂ')éd—j1—5+j1—1:d—5—1.

Conversely, let A € Py_.(d — s,m) and p € Pp_q1,-(0,d —s —1). As-
sume that ®~1(A\_u) = @, where the map ®~! is the inverse of ®. In
light of Theorem [L3, we derive that @ = @y - - Qpym is a shuffle of § and
m with d descents. To prove that @ € 7 W §, it suffices to show that
@i = 01. Suppose to the contrary that @; = 1, that is, a; = m1. We have
d(@) = ®(d1(\, p) = (A, ). Let @) denote the permutation obtained
by removing 7 from @. Then des(@")) = d — 1 or des(@)) = d.

Case 1.17. If des(@V)) = d, then des(@®)) = des(a@V)) = d, and so j; = 1,
and dy(m) = s. Since @ = 7, we derive that maj(@®) — maj(@®) = d.
Thus,

p1 = t(1) = maj(@®) — maj@?) — dy(r) = d — s.

Case 1.2". Tf des(@))) = d—1, then by the definition of the map ®, we see
that j; > 1, and des(&(jl)) =d—j1 + 1. Since @; = 7 and all the elements
of § are larger than the elements of 7, it follows that agj -1 mj,. Thus,
maj(@ 1) —maj(@)) = d—j; +1 and dj, (7) = s — ji + 1. Consequently,

i = t(j1) = maj(a® V) — maj(alh)) — d;,(r) = d — .

In both cases, we derive that g3 = d — s, which contradicts the condition
that p1 < d— s — 1. Therefore, the assumption is false, so @; = §;, which
implies that @ € 7 1; 6.

(2) Let a € w5 9, where des(a) = d. Assume that ®(a) = (A, ). The
proof of (2) in this theorem is equivalent to showing that

Mm>A 22X 2d—85>p1 2> 2> fy_gir > 0. (12)

Observe that if « € 7 Wys 0, then a € 7wy 0. According to (1) in this
theorem, we see that

m>AN2-2XNp>2d—5>p1 > > lp_gpr > 0.

It remains to show that \; < m if A # 0.

Since a € 7 W 6, we have a1 = 61 and aptm = 0. Recall that ald)
is the permutation obtained by removing 7,...,m; from «. Observe that
o™ = ¢ and des(8) = r, so des(a® 1)) = r 4 1 or des(a” V) = 7.

Case 2.1. If des(a® V) = 7 4 1, then i4_, = n, and d,(7) = 0. By
definition, it is easy to see that im(a(”), m, mTp) = m. Since iy = Oy, it
implies that 7, could not be inserted in the last position, by Proposition E,
we derive that im(a(™, i, m,) <m — 1 for 0 < i < m. Hence

maj(a™ V) —maj(a™) <m —1. (13)
It follows that
A1 = t(ig—y) = maj(a™ V) — maj(a™) — d,(7) < m — 1.
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Case 2.2. If des(a(® V) = r, then by the definition of the map ®, we
see that ig_, < n. Moreover, des(al’—r—1) = 7 4+ 1 and des(a¥)) = r for
ig—r <1 < n. According to Proposition [1§ and by (@), we derive that

maj(a(idfﬁl)) — maj(a(idfr)) <m-—1+d;, ()
It follows that
A1 = t(ig_y) = maj(alie—r"Y) —maj(alie-)) —d;  (7) <m —1.

Conversely, let (A, 1) be a pair of partitions satisfying (@) Assume that
&1 (\, 1) = @, where the map ®~! is the inverse of ®. In light of the
first result in this theorem, we derive that &@ = @y -+ @1 € m U 5. To
prove that @ € 7 W J, it suffices to show that @,+m = &n. Suppose
to the contrary that @+, = d,, and assume that a4, = m,. We have
d(@) = ®(1(\, 1)) = (A, ). Let @? denote the permutation obtained by
removing 71, ...,m; from @. Since @y4., = 7, and all of the elements of §
are larger than the elements of 7, we derive that des(@™ V) =+ 1. In
this case, we see that iq_, = n, and d,(7) = 0. Since @y 4m = T, we derive
that maj(@” ) — maj(@™) = m. Thus,

A = t(ig—r) = maj(@" ) — maj(@™) — dy(r) = m,

which contradicts the condition that Ay < m. Therefore, the assumption is
false, 80 @1 = O, which implies that o € 7 L, 4.

(3) Let a € mwyy 6, where des(a) = d. Assume that ®(a) = (A, ). To
establish (3) in this theorem, by means of (@), it is enough to show that

m>A 22Xy >d—8>p1 > 2 fip_gir > 0. (14)

Note that if & € w1y 6, then o € w1 . From the first part of this theorem,
we derive that

m>AN2>-2XNp>2d—5>p1 > > lp_gpr > 0.

We proceed to show that A\g_, > d — s if X # ().
Since o € 7 Ly 8, we have oy = 01 and ag = J. Recall that o) is the
permutation obtained by removing 7 from a. Then des(a(l)) =d-—1or

des(aM) = d.

Case 3.1. If des(aV)) = d — 1, then by the definition of the map ®, we
see that i1 = 1 and d;(7) = s. Since a1 = d; < ag = dz , it implies that m;
could not be inserted in the first position and the second position. Moreover,
im(a(l),O,m) =d—1and im(a(l), 1,7m1) = d. Thus, by Proposition |15, we
derive that maj(a(®)) —maj(aM)) > d, as des(a(?)) = des(aV))+1. Tt follows
that

Ai—r = t(i1) = maj(a®) —maj(aM) — dy(x) > d — s.

Case 3.2. 1If des(aV)) = d, then by the definition of the map ®, we see
that i; > 1. Moreover, des(a(™)) = d—1 and des(aV) = d for 1 <1 <i;—1.
Since a1 = d1 < ag = J2 , it implies that m;, could not be inserted in the
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first position and the second position of (). Moreover, agil) = 41 and
agh) = J9, thus, we have im(a(il),O,ﬂil) =d—1 and im(a(il)7 1,7m) = d.
Hence maj(a™~Y) — maj(a()) > d since des(al™1) = des(a(™)) + 1.
Observe that d;, (m) < des(mw) = s, it follows that

p1 = t(i1) = maj(a™ V) —maj(a™) —d;, (7) > d+1 —s.

Conversely, let (A, 1) be a pair of partitions satisfying (@) Assume that
&1 (\, ) = @, where the map ®~! is the inverse of ®. In light of the
first part of this theorem, we derive that @ = &y - @p+m € 7 . To
prove that @ € = Ly §, it suffices to show that as = 2. Suppose to the
contrary and assume that @s = 711. We have ®(@) = ®(®~1(\, 1)) = (A, p).
Let @M denote the permutation obtained by removing 7; from @. Then
des(@) = d — 1 or des(@V)) = d.

Case 3.1°. If des(@V)) = d — 1, then by the definition of the map ®, we
see that 7, = 1. Since @y = 7y, it follows that maj(@®) — maj(@®l)) = d.
Consequently,

A = #(1) = maj(a?)  maj(aV) — dy(m) = d ~ s

Case 3.2". If des(@!)) = d, then by the definition of the map ®, we see
that i; > 1, and des(@™)) = d—1 and des(@®) = d for 1 <1 <i; —1. Since
o1 = 01 and @y = 7, it implies that m;, should be inserted in the second
position of o™ that is, a(lil_l) = 41 and Egl_l) = m;,, otherwise, we could
not get @@~V ... &M so that des(a(l)) =dforl<i<i{ —landas=m
since 91 < d2. Moreover, d;, (1) = s. Hence,

p1 = t(i1) = maj@® ) — maj(@™) — d;, () = d — s.

In both cases, we derive that A\;_,, = d—s, which contradicts the condition
that A\gy_, > d — s. Therefore, the assumption is false, so @y = do2, which
implies that @ € m Ly 6.

4. SIMSUN PERMUTATIONS AND ANDRE II PERMUTATIONS

This section is dedicated to establishing relation (b) in Theorem B by
constructing a bijection between the set of n-simsun permutations and the
set of n-André II permutations with the same tree shape T'.

Theorem 17. For any unlabeled binary tree T in URE, there ewists a bi-
jection Q between the set of n-simsun permutations in RS(T') and the set of
n-André II permutations in And™ (T).

Proof. Given an unlabeled binary tree T in UZ¥, let ¢ be a simsun permu-
tation in RS(T), we aim to define 7 = Q(¢) belonging to And (7).

Let T := U(o) be the increasing binary tree corresponding to ¢ under the
bijection ¥ defined in Definition é and let

RT:{UO<’U1<"'<Um—1<Um} (15)
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be the set of vertices that don’t belong to any left subtrees of T. By the
definition of simsun tree, we see that vo = 1 and v;, = n. Let R} be the set
of vertices that don’t belong to R;. Assume that

RT = {Sl << Sn—m—l}- (16)

Note that Ry U R; = {1,2,...,n}.
We then relabel the elements of R} according to the permutation

v =1 (41 (%) U3 n
1 ’l)o—|-1:2 vv+1 va+1 -+ vy-1+1 ’

For other vertices that belong to RT? we just add one to each of their
values. By this operation, we obtain a new binary tree T'. From the above

construction, we see that
Ry={l1<2<v+1<- <wvp1+1}, (17)

and B
Rp={s1+1<- <sp_m-1+1}. (18)

It is straightforward to check that Rz U RT = {1,2,...,n} and T is an

increasing binary tree sharing the same tree shape as T. Then 7 is defined
to be the permutation generated by the increasing binary tree T' under the
bijection ¥, that is, 7 = U~1(T).

For example, for the simsun permutation o = 21473658, the correspond-
ing increasing binary tree is shown in Fig. a (a). We have R = {1,3,5,8}.
Relabel the elements of Rz = {1,3,5,8} according to the permutation

1 3 5 8
1 2 46

and add one to each of the vertices not belong to R;. We obtain the in-
creasing binary tree 7' shown on Fig. B (b). Then 7 = U~Y(T) = 31582746.

We proceed to show that 7 € And” (T). It suffices to show that T satisfies
the property of André II trees: for any internal vertex s in f, the right
subtree T (s) contains the vertex with the minimum label in 7'(s) excluding
s itself. By definition, the minima of an empty subtree is defined as +o0.

Since 1" is a simsun tree, by definition, for any internal vertex s € RT7
the minimum label in its left subtree is always larger than the minimum
label in its right subtree. Otherwise, removing vertices with labels larger
than this minimum label would result in a tree violating the simsun tree
property. Thus, from the above construction, we see that for any internal

vertex s € Rf, the right subtree fr(s) contains the vertex with the minimum

label in T'(s) excluding s itself.
For any internal vertex s € Rz, we claim that the minimum label in

its left subtree (T}(s)) is always larger than the minimum label in its right
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(a) simsun tree 7' (b) André II tree T

@ (3 I ©) R €)
@ B G) (4

GICRO I B ©®

0=21473658 T=31582746

FIGURE 6. An illustration of the bijection 2.

subtree (T.(s)). This holds because, in the increasing binary tree T', the
vertex with label equal to the minimum label of T( ) minus one is the
parent of the vertex with label equal to the minimum label minus one in
Ti(s s). Consequently, the minimum label in Ti(s) is always larger than that
in Tr( ), proving our claim. Hence for any internal vertex s € Rz, the right

subtree T;.(s) contains the vertex with the minimum label in T'(s) excluding
s itself. _

Thus, T is an André II tree, so 7 = ¥~1(T) is an André II permutation
with tree shape T. Moreover, it is easy to verify that the above procedure
is reversible. Hence the map € is a bijection between RS(T') and And” (T
for any given unlabeled binary tree T in URL. ([

Remark 18. The bijection 2 in Theorem is constructed in the spirit of
Sciitzenberger’s jeu de taquin [25]. Lin and Kim [21] constructed a similar
bijection between 0-1-2-increasing trees and binary increasing trees, which
yields a bijection between 000-avoiding inversion sequences and Simsun per-
mutations.

From Theorem @ and Proposition a, we see that the bijection () preserves
des and mayj statistics. To establish relation (b) in Theorem [, it remains to
show that the bijection 2 preserves ides statistics. In fact, this bijection €2
also induces relations involving the inversions (inv), the imajor index (imaj)
and right-to-left minima (RLmin) between simsun permutations and André
1I permutatlons (see Proposition @ Recall that the number of inversions
of 0 =010y, denoted inv(co) is the count of pairs of indices (7, j) where
1<i<y S n and o; > 0;. The number of right-to-left minima, denoted
RLmin(o) is the count of the elements o; such that o; > o; for every j > i.
Let IDes(c) denote the set of descents of the inverse permutation o~!, that



INVERSE DESCENT STATISTIC FOR ANDRE AND SIMSUN PERMUTATIONS 21

is, IDes(c) = Des(o~!). The imajor index of o, denoted imaj(c) is the sum
of the indices in IDes(o).

Before proceeding, let us first define an inversion and an idescent of an
increasing binary tree.

Definition 19. Let T be an increasing binary tree on the set [n]. An
inversion of T' is a pair of vertices (i,7), where i > j, and either j lies to
the right of the path from root 1 to i or j is on the path from root 1 to i and
left child of j is contained in this path. Moreover, i — 1 is called an idescent
of T if (i,i — 1) is an inversion of T

The number of inversions of T" is denoted by inv (T'), the set of idescents
by IDes(T") and the set of vertices of T' that don’t belong to any left sub-
trees of T' by Rp. For example, for the increasing binary tree T depicted
in Fig. B (a), we see that (2,1), (4,3), (7,3), (7,6), (7,5), (6,5) are the in-
versions of T, whereas, 1,3, 6, 5 are idescents of 7. Thus, inV(T) = 6,
IDes(T) = {1, 3, 5, 6} and R; ={1,3,5,8}.

From the definition of W, it is not difficult to derive the following propo-
sition.

Proposition 20. Let o be a permutation and let T, = ¥ (o) be the increasing
binary tree corresponding to o under the bijection U. Then

inv(o) = inv(7T,), RLmin(o) = |Rr,|, IDes(c) = IDes(Ty).

We conclude this paper with the proof of the following proposition, which
directly implies relation (b) in Theorem

Proposition 21. Given an unlabeled binary tree T € URE, let o € RS(T)
be a simsun permutation and let T = Qo) € And’(T) be the corresponding
André II permutation. Then

ides(7) = ides(o), (19)
imaj(7) = imaj(o) + ides(o), (20)
inv(7) = inv(o) + n — 1 — RLmin(o). (21)

Proof. Let T' be an increasing binary tree. Recall that Rr is the set of
vertices of T' that don’t belong to any left subtrees of T. Let Rp be the
set of vertices that don’t belong to Rr. By definition, we see that for any
i € Ry, there doesn’t exist j such that (7, 7) is an inversion of T'. Let
A(T) :={i —1: (i,3 — 1) is an inversion, where i € Ry,i — 1 € Ry},
B(T) :={i—1: (i
C(T) :={(i,4): (i,7) is an inversion of T, where i € Ry,j € Ry},
D(T) :={(i,): (

i,i — 1) is an inversion, where i € Ry,i — 1 € Ry},

i,7) is an inversion of T, where i € Ry,j € Ry}.
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Suppose that T is the simsun tree corresponding to o and T is the André
IT tree corresponding to 7, that is 7' = ¥~ 1(0) and T = ¥~!(7). We then
have

A~ A ~ ~

IDes(T) = A(T)UB(T) and inv(T) = |C(T)| + |D(T)|

and

IDes(T) = A(T)UB(T) and  inv(T) = |C(T)| + |D(T)|.

From relations (@), (@), (@) and (@) in the construction of @, it is
straightforward to derive that for i € [n], i € A(T) & i+1 € A(T) and
i€ B(T)<i+1¢e B(T). It follows that for ¢ € [n],

~ ~

i € IDes(T) < i+ 1 € IDes(T).
Hence, by Proposition@, we obtain (@) and (@)
);

Invoking relations ( (ILG), (17) and ([L§) again, we derive that for i € [n]
and j € [n],
(i,j) € C(T) & (i+ 1,5 +1) € C(T). (22)
On the other hand, for any i € RT? by the construction of the bijection ®,
we see that 1 +1 € Rf. For a given ¢ € RT’ an inversion (4,7) in T with
J € Ry if and only if (i 41, j 4 1) is an inversion in T with j+1 € Rz, and
i+ 1 is not in the left subtree of j + 1. Additionally, for each ¢ € RT? there
exists a j € Rz such that i 4 1 lies in the left subtree of j and (i + 1,5) is

an inversion in 7. Thus, for a given i € RT?
| {j € R7: (i+1,7) is an inversion in T} |
=|{j € R} : (i, ) is an inversion in T} | +1.
It follows that B R -
[D(T)| = [D(T)| + | R,
Combining this with (@), we obtain
inv(T) = inv(T) + | Ryl
and by Proposition @, we derive that (@) This completes the proof. [
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